We study the effect of adding localised stiffness, via a spring support, on the stability of flexible panels subjected to axial uniform incompressible flow. Applications are considered that range from the hydro-elasticity of hull panels of high-speed ships to the aero-elasticity of glass panels in the curtain walls of high-rise building in very strong winds. A two-dimensional linear analysis is conducted using a hybrid of theoretical and computational methods that calculates the system eigen-states but can also be used to capture the transient behaviour that precedes these. We show that localised stiffening is a very effective means to increase the divergence-onset flow speed in both hydro-and aero-elastic applications. It is most effective when located at the mid-chord of the panel and there exists an optimum value of added stiffness beyond which further increases to the divergence-onset flow speed do not occur. For aero-elastic applications, localised stiffening can be used to replace the more destructive flutter instability that follows divergence at higher flow speeds by an extended range of divergence. The difference in eigen-solution morphology between aero-and hydro-elastic applications is highlighted, showing that for the former coalescence of two non-oscillatory divergence modes is the mechanism for flutter onset. This variation in solution morphology is mapped out in terms of a non-dimensional mass ratio. Finally, we present a short discussion of the applicability of the stabilisation strategy in a full three-dimensional system.
INTRODUCTION
This paper addresses and extends the classical fluid-structure interaction (FSI) problem wherein a flexible plate is destabilized by the action of a fluid flow parallel to the undisturbed panel. The modern capabilities of high-speed ships with cruise speeds in the range to 38-45 knots (19.5-23 .1 m/s) -and up to 60 knots (30.1 m/s) when powered by gas-turbine engines -means that hydroelastic instability increasingly needs to be accounted for in the design of hull panels. Recent architectural designs have seen the introduction of curtain walls comprising glass or perspex panels as an outer skin on high-rise buildings for a combination of aesthetic and passive temperature-control reasons.
In addition to normal-loading effects, these may be susceptible to aeroelastic instability in storm or hurricane-force winds aligned with the main axis of the panel. In this paper we present an analytical study of panel stability into which localised stiffening is added and used to control aero-/hydro-elastic instability in the above and other applications of the basic configuration.
The high Reynolds-number regime typical of the types of engineering applications cited above makes the neglect of viscous effects on the flow a good approximation. Accordingly, potential flow is most often assumed as is the case in this study. Given the importance and ubiquity of applications, this FSI system has generated a rich literature in which, most commonly, a Galerkin method is used to predict the system response with a particular focus on the parameters for which it becomes unstable. Thus, for example, [1] [2] [3] [4] [5] , show that as the flow speed is increased for a given flexible plate, the panel first loses its stability to divergence. This buckling type of instability occurs because the fluid forces generated by a deformation exceed the restorative structural forces of that deformation. For a simple flexible plate held at both its ends, the fundamental mode is the critical mode for divergence. If the flow speed is increased further, divergence is replaced by modal-coalescence flutter that is best characterized as a Kelvin-Helmholtz type of resonance.
In parallel to these types of study, flexible compliant walls of infinite extent comprising more than one structural component (e.g. a spring-backed flexible plate) have been studied, e.g. [1, 6, 7] using an analytical approach wherein all system perturbations take a travelling-wave form, for example exp[i(αx−ωt)] wherein α and ω are respectively the perturbation wavenumber and angular 2 frequency. The omission of end effects -that may be considered to be inhomogeneities in such modelling -is broadly acceptable provided that the length of the panel in any application is much longer than the wavelength of the critical modes being studied. However, under such conditions the travelling-wave analysis requires that some structural damping is present for the realisation of divergence instability although its predictions of divergence-onset flow speed agree with those of the Galerkin approach. This discrepancy was addressed in [8] wherein the role of end conditions, even for very long flexible walls was explained. More recently the rigorous analysis of [9] constructed a travelling-wave model that incorporated the fixed wall ends through a Weiner-Hopf technique and thereby reconciled the differences in findings between the two types of modelling.
Clearly, the aforementioned boundary-value studies predict the long-time response of the system after transients from some form of initial excitation have either been attenuated or convected away.
The finite-time response can be of equal importance in that it links the original source and characteristics of an initial deformation to the long-time response through a process of response evolution. The ability to model the finite-time, or receptivity, problem may lead to engineering strategies that interrupt or modify this evolution and thereby prevent or postpone panel instability. Studies of system response to a source of initial or continuing localized excitation have been presented. For example, [10] and [11] respectively used initial impulse and oscillatory line excitation for the present system, while [12] tackled the closely related shell problem with oscillatory line excitation. Using a different analytical approach, [13] showed that absolute instability -that aligns with divergence -could exist in the system if structural damping were included. These analyses assumed an infinitely long flexible panel and focused on the long-time response. Nevertheless, they showed that the system could support a remarkable range of FSI wave types. Using numerical simulation, [14] showed that the effects of finiteness and transients led to globally unstable responses unseen in the analyses of infinitely long elastic panels.
In the present work, we use the hybrid of theoretical and computational modelling presented in [15] that casts the FSI system equation in state-space form after solving the coupled fluid and structure equations using boundary-element and finite-difference methods respectively. Like the purely analytical models discussed above, this approach is used to compute the system eigenmodes while its numerical-simulation aspects readily accommodate inhomogeneity in the base system. Thus we can evaluate the effect of an added localised spring support on the system eigenmodes with a particular focus on instability-onset flow speeds. We also extend the modelling of [15] in order to solve the initial-value problem and thereby simulate the transient response of finite flexible panels showing how its evolution from a source of initial excitation evolves into the infinite-time eigenmodes predicted by the boundary-value approach.
The paper is laid out as follows: We first extend the FSI system model of [15] to permit the inclusion of impulse line excitation and a supporting spring foundation that may either be uniform or comprise a discrete spring at a point along the flexible plate. We then present three sets of results that illustrate the system dynamics covering a range of applications. The first concerns a homogeneous Kramer-type compliant wall [7] comprising a flexible plate with a uniformly distributed spring foundation. In part, we use this case to validate the present modelling and its implementation. The second set of results addresses the classical case of a simple metal flexible panel subjected to water flow for which we show how the addition of a spring support can be used to modify hydroelastic instability onset. This case typifies the vast majority of incompressible flow studies for which the fluid-to-solid ratio is O(1). In the third set of results we consider airflow over a glass or aluminium panel for which the fluid-to-solid ratio is O(10 −3 ), giving a system that has not hitherto been fully explored, presumably due to a lack of recognised applications until the emergence of curtain walls as an architectural feature. We show that this regime possesses some very different dynamics from the classical hydro-elastic case. We therefore map out the parameter space over which the differences occur as well as showing how adding a spring support can modify both divergence onset and the flutter characteristics in air-over-glass aero-elastic applications. Finally we unify our findings in the conclusions and explain how the present two-dimensional strategy for controlling aero-/hydro-elastic instability of panels can be carried across to real three-dimensional applications.
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METHODS
We first summarise the well-known governing equations for the fluid-structure systems depicted in Fig. 1 . We then outline the hybrid theoretical-computational approach that permits either an eigen-analysis to be conducted for the long-time boundary-value problem or the time-evolution of disturbances to be constructed for the initial-value problem. Finally, we describe the nondimensional framework adopted for the presentation of the results in this paper.
Governing equations
The small-amplitude behaviour of a thin plate, supported by either a uniformly distributed spring foundation with coefficient K = 0, and an added spring support with coefficient k = 0 localised at x = x k , in the presence of a fluid flow and subjected to a localised initial pressure pulse of magnitude p e at x = x p is governed by
where η(x, t), ρ m , h, d and B are, respectively, the plate's deflection, density, thickness, (dashpottype) damping coefficient and flexural rigidity (evaluated using B = Eh 3 /[12(1−ν 2 )] where ν is the Poisson ratio of the plate material), δ is the Dirac delta function, and p(x, 0, t) is the fluid-pressure perturbation that acts to deform the plate, noting that the mean transmural pressure is such that the plate's mean position lies in the plane y = 0. The flexible plate of length L is hinged at its leading and trailing edges giving
We use overdot and suffix notations for temporal and spatial derivatives respectively.
The flow is assumed to be incompressible and irrotational, allowing the introduction of a velocity perturbation potential φ(x, y, t) that satisfies Laplace's equation
with the condition that φ → 0 as y → ∞. The unsteady fluid pressure is determined using the linearised unsteady Bernoulli equation
where ρ f and U ∞ are, respectively, the fluid density and flow speed. The plate and fluid motions are coupled through the kinematic boundary condition
which in the linearised system is enforced at y = 0.
Solution methods
The governing equations are solved by combining a boundary-element method for the flow field, as developed in [16, 17] for problems in FSI, with a finite-difference method for the wall motion.
This reduces the two-dimensional field problem to a one-dimensional line problem at the interface of the fluid and structural components of the system. The resulting system equation, couched in the interfacial variable η(x, t) and its differentials, is then cast in state-space form following the approach developed in [15] . In the present work, we make the straightforward extension of these methods to (i) incorporate spatial inhomogeneity in the form of an isolated spring support, and (ii) model the initial-value problem. Accordingly, we provide herein only an outline and direct readers to the papers cited above for details of the contributing elements of the solution procedures.
The panel is discretised into N collocation points at which its mass is lumped and which provide the basis for writing Eqn. (1) in the finite-difference form
where [I] is the identity matrix and [D 4 ] is the penta-diagonal fourth-order differentiation matrix operator. [0 k ] is a null matrix except for its element (m, m) which has the value k where m = int[(x k /L)N ] is the collocation point closest to the location at which the spring has been added.
Although we add only one isolated spring support in this study, clearly any number of such springs could be modelled using our approach. On the right-hand side of Eqn. (5), the pressure pulse appears as the value p e at location n = int[(x p /L)N ] in the otherwise null vector {0 p }.
The pressure perturbation due the motion of the wall is obtained by constructing a solution to the Laplace equation (2) using a source-sink singularity distribution, discretising this using a set of boundary-elements based upon the N collocation points, enforcing the no-flux condition, Eqn. (4), at the N control points of the boundary elements to determine the required singularity strengths, and finally using the linearised Bernoulli equation (3) along a surface streamline; this gives the is a matrix operator for the interfacial vertical speed; expressions for the influence coefficients are listed in [17] .
Substitution of Eqn. (6) into Eqn. (5) then yields the fluid-structure system equation
where
Introducing the 2 × N vector of state variables {x} T = {{η}, {η}} T , allows the system equation (7) to be re-written as
in which
To determine the long-time response of the system we omit the initial excitation in Eqn. (9), assume single-frequency response proportional to exp (ωt), and then solve the eigenvalue problem to determine the 2N values of ω = ω R + iω I . The real part, ω R , gives the amplification/decay while the imaginary part ω I is the angular frequency of the eigenmode.
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To solve the initial-value problem we apply a zero-order hold on the input, {G}, of Eqn. (9) to digitize the continuous system (H, G). Time scaling is used to transform state-space solution into a sampled system that is then solved using MATLAB functions to determine the transient response of the system.
Non-dimensional framework
For simple panels with length L characterising the wavelength of typical flow-induced deformations, it is common (e.g. [3, 18, 4, 15] ) to non-dimensionalise the FSI system using this lengthscale along with timescale defined as L/U ∞ . This yields the fluid-to-structure stiffness ra-
as a control parameter for a system with a given (solid-to-fluid) mass ratio,
In the present work that features spring supports, L does not necessarily represent the wavelength of critical modes in the destabilisation of a panel through divergence and flutter.
Accordingly, we non-dimensionalise using a reference length-scale, l ref and timescale t ref defined by
thereby following the scheme used in [10, 11, 19] that reduces an infinitely-long, unsupported elasticplate problem to a system of equations with just one non-dimensional control parameter, namely the flow speed.
Using the forms in Eqn. (11a,b) we define the non-dimensional terms
that give the non-dimensional form of the system equation as
with panel length, often termed the mass ratio, and applied flow speed taking the non-dimensional
This approach allows us to vary independently the key parameters of panel length and applied flow speed in the non-dimensional results that follow. The relationship between the often-used stiffness
, and the two system variables used in this paper is
Furthermore, for a panel with given geometric properties, L and h, variations to L ′ can be interpreted as changing the fluid-to-solid density ratio, ρ f /ρ m , thereby highlighting the differences between the aero-and hydro-elastic behaviour of a given panel.
RESULTS
We present results for three related engineering systems. Although our results are presented in a non-dimensional form that spans the physical parameter space, each system aligns with a distinct engineering application, these being water flow over a rubber-like compliant wall (Section 3.1) with drag-reduction capabilities, water flow over a simple metal panel (Section 3.2) typical of that used for the hulls of high-speed ships, and air flow over simple glass panels (Section 3.3)
typical of curtain walls in modern high-rise buildings. For the last two applications we close with a dimensional demonstration of how instability can be controlled by using a localised spring support for the applications cited. We do not present a separate validation of the present method because that has already been done for the base method in [15] while the validation of our extensions to the method are embedded in the new results upon which we focus.
Flexible panel with uniformly-distributed spring foundation
We consider the spring-backed flexible-plate configuration of Fig. 1a , incorporating structural damping, that approximates a compliant coating of the type investigated in, for example, [7, 15, 17, 20] . feature has led to this instability often been termed static divergence in the very early studies of compliant walls such as [6, 21] .
The envelope formed by the closely spaced discrete modes seen in Fig. 2 suggests that the system can be modelled by a continuous spectrum of modes that is assumed in the normal-mode decomposition used to analyse walls of infinite extent. Using this approach, also referred to as a travelling-wave analysis wherein all system disturbances are proportional to exp [i(αx − ωt)], [7] derived analytical expressions for the critical, or lowest, flow speed for divergence-onset and determined the wavelength (λ = 2π/α) of the critical mode that has ω = 0 at divergence onset; these were respectively given by
Using the present wall properties Eqn. (16a) gives the critical flow speed U D = 19.51 m/s that,
303. This is approximately 1% lower than our prediction of 2.326 from Fig. 2 . Exact agreement could only be expected in the limit of infinite plate length and the present prediction for a plate of finite length is expected to be higher, as found, because of the structural restraints at its leading and trailing edges. This correlation supports the integrity of our approach and its implementation.
Using our transient analysis, we now solve an initial-value problem to map out the system behaviour that would lead to the establishment of the infinite-time behaviour predicted by Fig. 2 . This type of analysis also serves to distinguish valid modes from physically unachievable, or spurious, system states that can be predicted in an eigen-solution. A line impulse is applied at the centre of the undisturbed compliant-wall panel to initiate motion. The time sequence of profiles in Fig. 3a shows wall deformations at U ′ = 2.320, incrementally below the predicted divergence-onset speed, so as to simulate the marginally stable state that exists just before divergence onset. At early times flow-modified flexural waves propagate outwards from the impulse while at later times the wall settles into a nearly uniform mode across the entire wall in which fit approximately 12
wavelengths. This mode would be almost identical to the critical mode of divergence onset at a marginally higher flow speed. However, in the present simulation, amplitude decay occurs through the action of the structural damping. The wall would therefore return to its undisturbed state in the long-time limit when all of the energy initially input by the excitation has been dissipated. Again, good agreement is found with the travelling-wave based predictions of [7] ; for the present physical directions from the point of initial excitation. This is characteristic of absolute instability as defined in [22] . For the present fluid-structure system it is discussed and demonstrated theoretically and numerically in [23] and for a cylindrical shell in [12] that has a similar solution morphology to that of a spring-backed flexible plate. In [12] and [23] it is shown that the addition of a further structural (13) are therefore for the standard panel studied many times before, for example [2, 3, 18, 24] and the homogeneous results of [15] . At low flow speeds, the fluid-loaded panel undergoes neutrally stable oscillations. Figure 4b shows that the oscillation frequency in the first mode is increased by the inclusion of the spring but that the second mode is almost unaffected because the spring has been placed at the nodal point of this mode. As the flow speed is increased a bifurcation is seen to occur at U ′ = 0.00714 for the homogeneous case. This is the onset of divergence instability at which the flow speed is sufficiently high that the hydrodynamic stiffness -the last term on the right-hand side of Eqn. (6) We now show how the added spring contributes to the postponement of divergence in terms of energy budgets. The dimensional wall energy comprises three parts, namely plate strain energy E S , plate kinetic energy E K and the stored energy of the added spring E SP , respectively defined as
[14] also introduced a term called the virtual work done by the hydrodynamic stiffness component, p s -the part of of the pressure that is dependent upon the interfacial displacement (the final term on the right-hand side of Eqn (6)) -in the establishment of a wall deformation. This is defined as
Each of the terms in Eqns. (17) and (18) The evaluation is conducted at U ′ = 0.0120 slightly lower than that of divergence onset. It is now seen that both the strain energy of the plate and the spring energy contribute to the total value of mechanical energy that balances E V W and the proportions in which they do so. In this particular case, it is evident that most of the wall's restorative force is provided by the added spring in the stabilisation strategy.
To illustrate the effect of the added spring support on the key fluid-structure modes that would be most evident in the system response, we present Figs. 6, 7 and 8 obtained using k and 8. Figure 9 shows the development of divergence instability at a flow speed U ′ = 0.0151 for the case modelled in Fig. 7 . Immediately after the applied excitation Fig. 9a shows that the plate response is characterised by very high frequency low-wavelength waves that travel outwards from the point of initial excitation. These are essentially flexural waves of the plate -the structural-force intensity far outweighs the pressure loading -possessing a range of frequencies because the input impulse is a wide-spectrum excitation. These waves are neutrally stable and serve to propagate Figure   10a shows that essentially flexural waves of the plate carry disturbance energy away from the source of excitation in both upstream and downstream directions with a similar phenomenology to that in the establishment of divergence instability described in the preceding paragraph. After reflection from the end points wave superposition occurs and longer wavelength disturbances start to dominate the response as seen in Fig. 10b . Finally, in Fig. 10c , the highly unstable flutter mode becomes established and rapid deformation growth is evidenced. For even later times of the same simulation, Fig. 10d shows a sequence of responses over one cycle of oscillation (200,000∆T ′ to 220,000∆T ′ , in equal time steps of 730∆T ′ ) to highlight the mode shape of the instability; this is seen to be exactly the same as the infinite-time prediction of Fig. 8a .
Thus, we have mapped out the entire evolution history of divergence instability and modal- note that the critical speeds plotted take the functional form
These results clearly show that the addition of a single localised spring support can significantly increase the divergence-onset flow speed. As could be expected on physical grounds, this strategy is more effective when the spring is placed at the panel mid-point. When placing it here, it is noted that there is a threshold of approximately k ′ s = 0.4 × 10 −3 for which further stabilization of the system ceases. This is because the second system mode replaces the first as the critical mode for divergence onset, the spring support being so stiff that it effectively divides the original panel into two separate panels of equal length. Accordingly, this value may be regarded as optimal for the design of divergence-free flexible panels.
The results presented herein show that the addition of an isolated spring support to the structure can yield a very significant extension to the flow-speed range of a simple flexible panel before divergence instability sets in. To give an engineering feel for this benefit, we provide the following dimensional examples that arise from the non-dimensional results. For aluminium panels subjected Table 1 shows the predicted divergence-onset flow speed for each of these panels and how this increases with the addition and stiffening of an added spring support.
Note that these predictions from our two-dimensional analysis are lower than those for a truly finite panel held along all four of its edges. For example, [4] shows that a panel with an aspect ratio 1 (width divided by length), has a divergence-onset flow speed that is approximately twice that predicted by the two-dimensional (infinite aspect ratio) analysis herein, whereas at aspect ratio 5 the difference is approximately 5%. However, the relative increases to onset flow speeds achieved by adding a single spring support would also be expected for truly finite panels. The data of Table 1 shows how the addition of a spring support can increase the operational speed of a craft. Alternatively, the operational flow-speed limit imposed by hydroelastic instability can be kept constant and a spring support added to permit a thinner panel to be used. which remain a significant engineering benefit.
Flexible panel with a single-spring support: aeroelastic applications
When considering the non-dimensional FSI system defined by Eqns. (12)- (14) this was first proposed in [16] . The explanation for the unusual overall behaviour is that for airflow the FSI is dominated by fluid-stiffness effects due to the third term (ρU To give an engineering feel for the potential benefits of stabilisation through an added spring support, Table 3 provides dimensional examples of critical wind speeds for glass panels of different lengths and thicknesses. The glass panel has a single spring added at its mid-point and, with the two media defined, the critical-speed function of Eqn. (19) Table 3 lists the predicted divergence-onset flow speeds (in km/h) for each of three typical flat tempered-glass panels for different values of the stiffness coefficient of the added spring.
Further increases to spring-stiffness would yield even higher divergence-onset wind speeds because, for example, the results for the panel with L/h = 406 that has a mass ratio similar to that used to generate Fig. 15a approximately correspond to data points on the rising divergence-onset curve between k 
CONCLUSIONS
We have extended the methods of [15] to study the initial-value problem of a finite flexible panel or compliant wall interacting with an inviscid flow for small (linear) disturbance amplitudes.
Our results show that waves propagate in both downstream and upstream directions from a highly localised source of excitation so that with the passage of time instability comes to occupy all locations of the flexible panel. Thus, at applied flow speeds greater than those of divergence and modal-coalescence flutter, destabilisation is global and ultimately leads to the establishment of the system eigenmodes that are predicted by the boundary-value problem. This elucidation of the transients that lead to system instability may permit the design of intervention strategies to postpone, either in developmental time or to a higher critical flow speed, the onset of instability.
By investigating the solution space over a range of non-dimensional mass ratios, we have shown that different eigen-system morphologies can exist. Of particular note is that, when the fluid density is much lower than that of the solid for given panel dimensions (e.g. a wind flow over a realistic glass panel), flutter instability occurs through the coalescence of two non-oscillatory divergence modes. This counter-intuitive behaviour can be understood by recognising that at post-divergence flow speeds, divergence modes evidence a form of downstream wave travel more usually identified with conventional oscillatory travelling waves. A similar phenomenology can occur for denser fluids when the panel is very short for which high flows speeds are required for its destabilisation. The instability phase space has been mapped out to identify quantitatively the value of mass ratio at which the flutter-onset mechanism switches between divergence-mode coalescence and oscillatorymode coalescence.
The major finding of the present work is that the addition of highly localised stiffening to the structural design of an otherwise homogeneous flexible panel can be a very effective means to postpone instability to a higher flow speed or beneficially modify the form of instability. Divergence postponement can be achieved across the full range of mass ratios, most effectively through the 23 addition of an isolated spring support at the panel mid-chord. A stiffer spring yields a greater postponement until an optimal value of spring stiffness is reached at which the critical mode switches from Mode 1 to Mode 2 and no further postponement of divergence occurs. This type of tailored stabilization strategy may find engineering use in that it can be far more effective than a 'brute force' approach to design that, for example, thickens the entire panel to prevent aero-/hydro-elastic instability within the envelope of operational flow speeds. For applications with low values of mass ratio, the addition of an isolated spring has also been shown to change the eigen-system morphology so that modal-coalescence flutter instability is replaced by two-mode divergence. This can be advantageous because flutter is a dynamic instability leading to material fatigue whereas divergence instability grows into a static nonlinear buckled state.
Stabilisation by means of an added spring is more effective than including an additional fixed (zero-displacement) restraint within the panel streamwise extent as investigated in [15] . A fixed restraint may be considered an added spring of infinite stiffness in the context of the present work and this exceeds the optimal value of spring-stiffness for divergence postponement. Moreover, [15] showed that a fixed restraint modifies the spatial energy balance of the panel and can introduce a new low-speed form of mild panel flutter. This does not occur in the present work that permits motion of the spring's attachment point to the panel.
Finally, for real engineering applications, the use of an added spring in the present two-dimensional work is questionable because the lower end of the spring must be attached to a rigid structure that could equally be used as a support to replace the panel with two shorter, more stable, flexible panels. However, in the three-dimensional application of localised stiffening, the spring would be replaced by a transverse stiffening strip adhered to the under-surface of the panel and attached to the side edges of the ribbed bay or baffle that the panel encloses. Our preliminary work on this extension, [27] , shows that the stabilising benefits demonstrated in the present paper carry across into the full three-dimensional problem thereby making the localised stiffening strategy a practicable technology. Moreover, in the full problem multiple combinations of both transverse and streamwise stiffening strips could be used to optimise instability postponement for a given overall
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-plate plus stiffening strips -structural mass. Table 1 . 
3 ) with the logarithm of the inverse of the mass ratio L ′ for a simple unsupported elastic panel. 
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